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Intro duction

L QC D = �
1

4g2
Ga

�� Ga �� + qi
 � D � q � qM q

M ! 0, the left- and right- chiral projections ma y b e rotated
indep endently and the N qua rk 
avo rs rotated amongst each
other.

W e have the chiral symmetry given by the group SU( N ) L �
SU( N ) R

SU( N ) L � SU( N ) R
hqqi
! SU( N ) V ; V = ( L + R) , A = ( L � R)

Co rresp onding to the SU( N ) A brok en symmetry w e have N 2 � 1
(pseudoscala r) Goldstone b osons.

N=2, Goldstone b osons are � � ; � 0

N=3, Goldstone b osons are � � ; � 0 ; K � ; K 0 ; K 0 ; �

The Goldstone theo rem yields

< 0jA � j � > = F � p� ;

and F � � 93 MeV.

T o leading order, O( p2) , L (2)
ef f is the non-linea r sigma mo del

Lagrangian.

F 2

2
r � UT r � U

where U is a 4-comp onent real O(4) (note that O(4) � SU(2) �

SU(2) ) unit vecto r.
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A t O( p4) :

L (4)
ef f = l1( r � UT r � U) 2 + l2( r � UT r � U)( r � UT r � U)+

l3( � T U) 2 + l4( r � � T r � U)+

l5( UT F �� F �� U) + l6( r � UT F �� r � U) + l7( ~� T U) 2+

h1 � T � + h2 tr F �� F �� + h3 ~� T ~�

where F �� : cova riant tenso rs of external �elds and derivatives,
and the vecto rs � and ~� prop ortional to external scala r and
pseudoscala r �elds.

Use this e�ective lagrangian, lo ops of the non-linea r sigma
mo del and app rop riate reno rmalization, obtain the Green's
functions of QCD at this order in the momentum expansion.

A t this order, 10 additional coupling constants enter the ef-
fective lagrangian.

Alternatively in terms of matrices, e.g., SU(3) chiral p ertur-
bation theo ry. The matrix U then contains the pion and kaon
�elds: U = exp( i

p
2� =F ) ,

� =

2

4
� 0
p

2
+ � 8p

6
� + K +

� � � � 0
p

2
+ � 8p

6
K 0

K � �K 0 � 2� 8p
6

3

5
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Dashen's theo rem

� Theo rem says that the electromagnetic mass di�erence
of the kaons is equal to that of the pions in the chiral
limit.

Q2 =
m2

s � m̂2

m2
d � m2

u
=

M 2
K

M 2
�

M 2
K � M 2

�

( M 2
K 0 � M 2

K + ) QC D
�
�

1 + O( m2
q)

	
(1)

� Inclusion of electromagnetic e�ects into the chiral La-
grangian.

� Recent w ork on estimating these constants using reso-
nance saturation.

� T echnically challenging w ork, accounting fo r prop er reno r-
malization.

� Depa rture from chiral limit | 'violation' of Dashen's
theo rem.
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F rom a recent talk by B. Kubis, T rento, July 2005

Corrections to Dashen'stheorem, quark mass ratio Q2 (2)
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Virt ual Photons in Chiral Perturbat ion Theory p.16

(� M 2
K ) E M � (� M 2

� ) E M = 1:5(� M 2
� )

B. Ananthana ra yan and B. Moussallam, JHEP 0405:047, 2004
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Pion-pion scattering

Pion-pion scattering describ ed by A( s; t; u)

The pro cess is

� a( p1) + � b( p2) ! � c( p3) + � d( p4)

Isospin conserved by strong interactions; the transition matrix
is given by:

A( s; t; u) � ab� cd + A( t; u; s) � ac� bd + A( u; s; t ) � ad� bc

A( s; t; u) = A( s; u; t ) ( denoted as A s) generalized Bose statistics
s = ( p1 + p2) 2 , t = ( p1 + p3) 2 and u = ( p1 + p4) 2, all momenta
tak en to b e incoming.

p
s the centre of mass energy ( m � = 1)

t and u related to the cosine of the centre of mass scattering
angle via cos � = ( t � u) =( s � 4) , s + t + u = 4

Isospin ampliltudes

The s-channel amplitudes fo r de�nite iso-spin:

T 0
s ( s; t; u) = 3A s + A t + A u

T 1
s ( s; t; u) = A t � A u

T 2
s ( s; t; u) = A t + A u
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Leading order (W einb erg)

A( s; t; u) =
s � 1

32 � F 2
�

A t one-lo op order, lo ops generate co rrect analytic structure

A t O( p4) 4 scale free coupling constants l1;2;3;4 enter the � �
scattering amplitude.

In our no rmalization, the pa rtial w ave decomp osition reads

T I ( s; t ) = 32 �
X

`

(2 ` + 1) P`

�
1 +

2t

s � 4

�
t I
` ( s)

t I
` ( s) =

1
2i� ( s)

�
� I

` ( s) e2i� I
`
( s) � 1

	

� ( s) =

r

1 �
4
s

:

� I
l : phase shifts, � I

l : elasticit y pa rameters.

The threshold pa rameters are the co e�cients of the expan-
sion

Re t I
` ( s) = q2` f aI

` + q2 bI
` + q4 cI

` + : : : g

with s = 4(1 + q2) .

aI
l : scattering lengths, bI

l : e�ective ranges

W einb erg: LO prediction fo r a0
0 = 7=(32 � F 2

� ) ' 0:16 .

A t O( p4) infra red singula rities mo dify prediction substantially ,
exp ressed in terms of the four l 's, in addition to F � .

Estimates from dispa rate sources such as D- w ave scatter-
ing lengths [alternatively from � � phase info rmation directly],
SU(3) mass relations and FK =F� , co rrection of ab out 25% to
the LO prediction,

Gasser & Leut wyler a0
0 = 0:20 � 0:01
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Disp ersion relations fo r the t-channel isospin amplitudes

F roissa rt b ound ! 2 subtractions

T I
t ( s; t; u) = � I ( t ) + � I ( t )( s � u)+

1

�

Z 1

4

ds0

s02

�
s2

s0 � s
+ ( � 1) I u2

s0 � u

� X

I 0

C I I 0

st A I 0

s ( s0; t )

� I ( t ) ; � I ( t ) are unkno wn t-dep endent

Subtraction constants ( � 1 = � 0 = � 2 = 0), A I
s( s0; t ) abso rptive

pa rt of the s-channel amplitude. Cst crossing matrix, the
entries of which are

Cst( c; d) = ( � 1) ( c+ d) (2 c + 1)
n

1 1 d
1 1 c

o

Ro y rep resentation

T I
s ( s; t ) =

X

I 0

1
4 ( s 1I I 0

+ t C I I 0

st + u C I I 0

su ) T I 0

s (4 ; 0)

+

Z 1

4

ds0gI I 0

2 ( s; t; s0) A I 0

s ( s0; 0) +

Z 1

4

ds0gI I 0

3 ( s; t; s0) A I 0

s ( s0; t ) :

F or our purp oses, it is convenient to write the kernels in the
fo rm

g2( s; t; s0) = �
t

� s0( s0 � 4)
( u Cst + s Cst Ctu )

�
1

s0 � t
+

Csu

s0 � 4 + t

�

g3( s; t; s0) = �
s u

� s0( s0 � 4 + t)

�
1

s0 � s
+

Csu

s0 � u

�
:

F urthermo re, Ts(4 ; 0) = 32 � ( a0
0; 0; a2

0) :
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Ro y's rep resentation fo r the pa rtial w ave amplitudes t I
l of

elastic � � scattering reads

t I
` ( s) = k I

` ( s) +

2X

I 0=0

1X

`0=0

Z 1

4M 2
�

ds0K I I 0

`` 0 ( s; s0) Im t I 0

`0( s0) ;

where I and ` denote isospin and angula r momentum, resp ec-
tively and k I

` ( s) is the pa rtial w ave projection of the subtrac-
tion term. It sho ws up only in the S- and P -w aves,

k I
` ( s) = aI

0 � 0
` +

s � 4M 2
�

4M 2
�

(2 a0
0 � 5a2

0)
�

1

3
� I

0 � 0
` +

1

18
� I

1 � 1
` �

1

6
� I

2 � 0
`

�
:

The kernels K I I 0

`` 0 ( s; s0) are explicitly kno wn functions

Contain a diagonal, singula r Cauchy kernel that generates the
right hand cut in the pa rtial w ave amplitudes, and loga rith-
mically singula r piece that accounts fo r the left hand cut.

The validit y of these equations has rigo rously b een estab-

lished on the interval � 4M 2
� < s < 60 M 2

� .
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The compa rison of the axiomatic and chiral rep resentations
of the scattering amplitude yields sum rules fo r the lo w-energy
constants.

� I
0 = aI

0 �
4

�

Z 1

4

dx

x( x � 4)
Im f I

0 ( x) +
4

�

Z 1

4

dx

x2
Im f I

0 ( x) I = 0; 2


 I
0 =

1

�

Z 1

4

dx

x3
Im f I

0 ( x) I = 0; 2

� 1
1 =

3
�

Z 1

4

dx
x2( x � 4)

Im f 1
1 ( x)

� 1
0 = 
 1

0 = � 0
1 = � 2

1 = 0:

In pa rticula r w e have fo r �l1 and �l2 :

�l1 = 24 � 2F �
4(

41

960 � 2F �
4 �

64 �

3
( 
 2

0 � 
 0
0 + 3� 1

1 )) ;

�l2 = 24 � 2F �
4(

29

480 � 2F �
4 + 32 � ( � 1

1 + 
 2
0 )) :

F or the numerical values w e �nd fo r �l1 and �l2 :

�l1 = � 1:7 � 0:15
�l2 = 5:0:
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The strategy: solve these equations numerically using accu-
rately kno wn phase-shift info rmation from medium and high
energy region to determine the lo w-energy pa rameters.

Sources are � N ! � � N , e+ e� ! � + � � .

High energy info rmation comes from 'theo ry', viz., V eneziano
mo del, P omeron, etc..

Recent comp rehensive analysis is rep orted in

B. Ananthana ra yan, G. Colangelo, J. Gasser and H. Leut wyler,
Physics Rep orts 353 (2001) 207.

Self-consistent solutions in the nea r threshold region yield a0
0

and a2
0 .

G. Colangelo, J. Gasser, H. Leut wyler, Physics Letters B488
(2000) 261; Physical Review Letters 86 (2001) 5008; Nuclea r
Physics B603 (2001) 125

Precise determination is also a test of the standa rd picture
of chiral symmetry breaking. \Generalized chiral p erturbation
theo ry" of Stern and collab orato rs. No w ruled out.

The main pro cess considered here is the ra re deca y K l4 where
the �nal state � � interaction yields the windo w to the phase
shifts. Comes from the P ais-T reiman metho d.

Recent measurements at E 865, Bro okhaven National Lab o-
rato ry
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Exp erimental determination of the phase shift di�erence � 0
0 �

� 1
1 F rom A CGL
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The � shap e from Ro y equation �ts and from electromagnetic

fo rm facto r of the pion, Gouna ris-Sakurai �t.
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New determination of the phase-shift di�erence from the E
865 collab oration from 400, 000 reconstructed events.

S. Pislak, et al., Physical Review D 67 (2003) 072004; Phys-

ical Review Letters, 87 (2001) 221801
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E 865's rep ort on the scattering lengths
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PIONIUM ATOMS

Theo ry | 'Deser's theo rem'

(S.Deser, M. L. Goldb erger, W. Baumann and W. Thirring,
Physical Review 96 (1954) 774.)

Mo dern relativistic b ound state theo ry | due to the Bern
group.

(See, e.g., J. Gasser, V. E. Lyub ovitskij, A. Rusetsky and A.
Gall, Physical Review D 64 (2001) 016008)

� = 2:9 � 0:1 fs
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The DI(meson)R(elativistic)A(tom)C(omplex) exp eriment at
CERN Exp eriment: PS212

� A ttempts to measure the lifetime of the pionium ( � + � � )
atom in its groundstate, of ab out 3 fs at the 10% level.

� The b ound state arises due to the electromagnetic inter-
action, and then through the strong interaction deca ys
into � 0 � 0 .

� The lifetime is related to the di�erence

a0
0 � a2

0

� The measurement is in medium.

� Ni Run already completed. nA � 6600

� Lifetime measurement is � = 2:91 +0 :49
� 0:62 fs

Accurate lifetime measurement is exp ected at the 5% level.

a0
0 � a2

0 = 0:264 +0 :033
� 0:020 m � 1

�

B. Adeva et al., Phys. Lett. B 619 (2005) 50

B. Adeva et al., J. Physics G 30 (2004) 1929 �

� Featured in highlights of J. Physics 2004
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New prop osal of Cabibb o | measurement by NA48 collab o-
ration

N. Cabibb o, Phys. Rev. Lett. 93 (2004) 121801,
N. Cabibb o and G. Isido ri, JHEP bf 0503 (2005) 021

9

p-  p+ - - > p0 p0  charge exchange scatter ing 

A diagram contributing to K+ --> p+ p0 p0   

�  Strong rescattering  + charge exchange
  with effective coupling constant  �  (a

0 
-a

2
)  

�  Cusp effect induced 
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8

   NA48/2  data K ± --> p± p0 p0   

Cusp at  mpp =  2mp+
   

~ 28,000,000 events
 50 days – Summer 2003

No pionium visible 
at first sight!

 mpp    GeV2

20
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  Cusp-like effect in K + --> p+ p0 p0  

� G/� (mpp)
2 

 (mpp)
2 GeV2

Where the looping  p+ p-  pair flips from 
off-mass to on mass shell

Nicola Cabibbo (2004),  hep-ph/0405001
One loop calculation predicts
a cusp located at  mpp =  2mp+

 
 

Cusp 

(2mp+
 )2 = 0.0779 GeV2
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  Fit  results 

         (a
0 
-a

2
)·mp =  0.281 ± 0.007

No surprise from other parameters

The pionium amount has been fixed 
according to the prediction  

         Z.K. Silagadze (1994),  
            hep-ph/9411382

 (a
0 
-a

2
)·mp  has low sensitivity to pionium

0.1·s(BR)/BR

Measured by var ing the predictied 
amount in the range  ± 50%   

Fit region = 151 bins
the whole spectrum is 420

5108.0
K

atom  K -
-+±±

±±

´»
ppp®

+p®
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Implications to ( g � 2) � :

The leading uncertainties to the standa rd mo del value no w
comes from hadronic uncertainties.

Celeb rated example is the hadronic light by light scattering
(Knecht and Ny�eler)

Uncertainties in the pion fo rm facto r due to inconsistent (?)
data sets of CLEO and Novosibirsk. Also the ALEPH data
from � deca y.

Do es not allo w a test of the standa rd mo del.

What ab out � K atom?

Prop osal has b een sent to the CERN scienti�c council.
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� K scattering

W e consider the pro cess

� I 1 ( p1) + K J1 ( q1) ! � I 2 ( p2) + K J2 ( q2) ;

with the four-momenta pi ; qi and the isospin I i and J i of the
pions and the kaons, resp ectively . The Mandelstam va riables
are de�ned as ( � � M 2 + m2)

s = ( p1 + q1) 2 ; t = ( q1 � q2) 2 ; u = ( q1 � p2) 2 ;

with

s + t + u = 2� ;

where M and m are the pion and the kaon mass, resp ectively .
In the s-channel the center of mass scattering angle � s and
momentum qs are given by ( � � M 2 � m2)

zs � cos � s = 1 +
t

2q2
s

=
t � u + � 2

s

4q2
s

;

q2
s =

( s � ( m � M ) 2)( s � ( m + M ) 2)

4s
;

and the pa rtial w ave decomp osition is de�ned by

T I s( s; t; u) = 16 �
X

(2 l + 1) f I s
l ( s) Pl ( zs) :

The pa rtial w aves ma y then b e pa rametrized by the phase
shifts � I

l and the elasticities � I
l ,

f I
l ( s) =

p
s

2qs

1

2i

�
� I

l ( s) e2i� I
l
( s) � 1

	
;

and have the threshold expansion

Re f I
l ( s) =

p
s

2
q2l

�
aI

l + bI
l q2 + O( q4)

	
:
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In the t-channel, the center of mass momenta of the pion and
the kaon are qt and pt , resp ectively , and the centre of mass
scattering angle � t is given by

zt � cos � t =
s + p2

t + q2
t

2qtpt
=

s � u
4ptqt

;

pt =

r
t � 4m2

4
; qt =

r
t � 4M 2

4
:

The pa rtial w aves are de�ned by

T I t ( s; t; u) = 16 �
p

2
X

(2 l + 1) f I t
l ( t ) Pl ( zt ) :

Once one of the isospin amplitudes is kno wn the other and
combinations of these are �xed by crossing symmetry :

T 1=2( s; t; u) =
3

2
T 3=2( u; t; s) �

1

2
T 3=2( s; t; u) ;

T + ( s; t; u) �
1

3
T 1=2( s; t; u) +

2

3
T 3=2( s; t; u) ; =

1
p

6
T I t =0 ( s; t; u) ;

T � ( s; t; u) �
1

3
T 1=2( s; t; u) �

1

3
T 3=2( s; t; u) =

1

2
T I t =1 ( s; t; u)

It ma y b e seen from the ab ove that T + ( s; t; u) is even under
the interchange of s and u, whereas T � ( s; t; u) is o dd. The
�xed- t disp ersion relation fo r T + is given by

T + ( s; t; u) = 8� ( m + M ) a+
0 +

1
�

R1

( m+ M ) 2
d s0

s02

�
s2

s0� s + u2

s0� u

�
A +

s ( s0; t ) + S+ + L + ( t ) + U+ ( t ) :

The exp ressions fo r S+ ; L + ( t ) , and U+ ( t ) are kno wn functions.
These are obtained by combining �xed-t and hyp erb olic dis-
p ersion relations. An analogous disp ersion relations can b e
written fo r

T � ( s; t; u)

( s � u)
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All the results discussed ab ove are from

B. Ananthana ra yan and P. B•uttik er, Europ ean Physical Jour-
nal C 19 (2001) 517; B. A., P. B. and B. Moussallam, ibid.
C 22 (2001) 133

The aim is to use all the kno wn info rmation from phase shift
analysis and chiral inputs to render the pro cess predictive.
Becomes a sensitive test of the full SU(3) chiral p erturbation
theo ry, viz., of the expansion in the s-qua rk mass.

Amplitude has b een computed by Berna rd, Kaiser and Mei�ner

System of sum rules fo r va rious lo w-energy constants. Un-
precedented determination has b een ca rried out.

COMP ASS exp eriment at CERN.

Measurement of phase shifts from D-meson deca ys? Can
b e used to pull out � 1=2

0 � � 1=2
1 (see BA and K. Shiva raj, hep-

ph/0508116) with data gathered by the F OCUS collab oration
in F ermilab
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� 0 ! 
 


� Adler, Bell and Jackiw: chiral anomalies

@� A 3
� =

�

4�
F ~F ) � =

�

4� F �

Predicts

� � 0 ! 
 
 = 7:73 eV

within one standa rd deviation of current w orld-average
exp erimental value.

� QCD: anomaly understo o d at the qua rk level; same re-
sult.

� ChPT allo ws to determine co rrections due to chiral-
symmetry breaking by qua rk masses

In SU(2) NLO co rrections, but LO in SU(3) : they are
+2%

NLO co rrections: they are � 0:3%

B. Ananthana ra yan and B. Moussallam, JHEP 0205:052,
2002

J. Goit y, A. M. Bernstein, B. Holstein, Physical Review
D 66 (2002) 076014
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Exp erimental Status W orld average value: � � 0 ! 
 
 = 7:74 �
0:55 eV . 7% erro r ba r. T o da y: PRIMEX at JLab : Primak o�
with aimed erro r of ' 1:5%

M. Khandek ar (fo r collab oration) Fizik a B 13 (2004) 483,

D. S. Dale (fo r collab oration) ibid. 365,

D. S. Dale (fo r collab oration) Braz. J. Phys. 34 (2004) 983.

p0 5
gg 

 D
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Experiment

Theory
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Figure 1: � o ! 
 
 decay width in eV. The horizontal line is the prediction of the axial
anomaly(Eq. 2)[1, 2] with an estimated 2% error[7]. The experimental results with errors
are for : 1) the direct method[9]; 2,3,4) the Primako� method [11, 12, 13]; 5) Particle Data
Book Average[3]; 6) the expected error for our future experiment, arbitrarily plotted to
agreewith the predicted value.
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F rom a talk by A. Gaspa rian

PA C23, Jan uary 18, 2003

The Exp erimen tal Program

We prop ose to measure:

� Tw o-Photon Decay Widths: �( � 0 ! 
 
 ), �( � ! 
 
 ), �( � 0 ! 
 
 )

� Transition Form Factor F
 
 � P of � 0, � , � 0 at low Q2

(0.001{0.5 GeV 2)

via the Primako� e�e ct .
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F orm F acto r Measurements by KT eV (E832) Exp eriment

� 800 GeV/c proton b eam strik es a BeO ta rget

� K L ! � � l � � deca y mo des are studied

� 1.9 million events fo r e, 1.5 million events fo r �

� Necessa ry fo r extraction of Cabibb o-Koba yashi-Mask aw a
matrix element jVus j

T. Alexop oulos et al., Phys. Rev. D70 (2004) 092007

B. Ananthana ra yan, I. Cap rini, G. Colangelo, J. Gasser and
H. Leut wyler, Phys. Lett. B 602 (2004) 218
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Afterw ord

� Chiral p erturbation theo ry is the lo w-energy e�ective
theo ry of the standa rd mo del.

W ork ed out to t w o-lo op order fo r many pro cesses.

Provided imp etus of many innovative new exp eriments.

� Dashen's theo rem fo r electromagnetic mass di�erence.

� Rema rk able synthesis of disp ersion relation phenomenol-
ogy and e�ective lagrangian theo ry.

� � � scattering no w w ork ed out to an unp recedented level
of accuracy .

Rema rk able new exp eriments (E865, DIRA C)

� � K scattering is the next setting fo r such a state of
a�airs.

� � 0 ! 
 
 is a sensitive lab orato ry and will b e tested at
PrimEx.

� F orm facto r measurements at KT eV
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