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Introduction

« What is a Dynamo?

0 The amplification of weak magnetic fields in a turbulent conducting fluid
because of the stretching of field lines by randomly moving fluid elements.

0 Eddies of size [ and velocity v(1) ~ [1/3 have a rate of shearing
vll) , 1-2/3
l [

0 Kinematic dynamo: initial amplification; the magnetic field is too small to
affect the velocity field.
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Introduction

« Dimensionless Parameters

0 kinetic Reynolds number Re = YL;

0 magnetic Reynolds number R,,, = £ ;

Ry,
Re

0 magnetic Prandtl number Pr,, =

v
"

L, V,v,n:characteristic length scale, characteristic velocity, kinematic
viscosity, and magnetic diffusivity, respectively.
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Introduction

« Why do we study dynamo action?

0 Magnetic fields in geodynamos[1], celestial bodies[2], and the iterstellar
medium[3].

0 Experiments on liquid-metal dynamos[3].

« Challenges:
0 To elucidate the dependence of the critical R,,, for dynamo action on Pr,,.
0 Wide range of Pr,,: (~ 1072 to ~ 10%).

0 Dynamo action is obtained only for values of R,,, that are sufficiently large
to overcome Joule dissipation.
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Dynamo Regimes
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Jupiter (Jup), the Sun, estimates 10°
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Dynamo Regimes
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Figure 2: Sketch of the initial growth of the magnetic field in a small-scale dy-
namo.
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Dynamo Regimes

« Large-Prandtl-number regime(Pr,, >> 1):
0 Dynamo action in astronomical settings.

0 The resistive scale is smaller than the viscous-dissipation scale. Hence
the magnetic field grows predominantly in the dissipation range, i.e., we
have a small-scale dynamol[4].

« Small-Prandtl-number regime(Pr,, << 1):

0 Dynamo action in constrained flows of liquid sodium; Pr,, ~ 107°.

0 Growth of the magnetic field in the inertial range of the fluid.
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Magnetohydrodynamics

a_’ N — ]_ e —
@V = vAT—Vi+ — BNV T (1)
ot dm

b = - -

— =V x (@ x b) + nAb. (2)

u, 5, D, U, 1, f: velocity field, magnetic field, pressure, kinematic viscosity,
magnetic diffusivity, and external force, respectively;

P=p+ —. (3)

V.a(Z,t) =0, V.b(Zt) =0. (4)
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Pseudospectral Method

Initial velocities and magnetic fields: in Fourier space.

—

Nonlocal terms like V x (4 x b), V x u, etc., are calculated in Fourier space.

Terms like u x b are calculated in real space.

We switch between real and Fourier space by an FFT algorithm.

For the first time step we use a Runge-Kutta scheme.

An Adams-Bashforth second-order scheme is used for temporal evolution
after that.
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A Shell Model for MHD

A. Basu, et al,[5] and Sokoloff, et al,[6] - 1998

du,,

W + Vk?;,un — Z[An (un—l—lun—|—2 — bn+1bn—l—2)

+ Bn(un—lun+1 - bn—lbn—l—l)

+ Cn (un—2un—1 - bn—2bn—1)] + fn (5)
db,, .
% + nkibn — Z[Dn (un+1bn+2 - bn—l—lun—i—2)

+ En (un—lbn—l—l - bn—lun—l—l)
+ Fn(un—2bn—1 — bn—2un—1)]; (6)

the velocity u,, and the magnetic field b,, in shell n are complex, scalar

variables.
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A Shell Model for MHD

The shells are logarithmically spaced in Fourier space, i.e., k,, = kg2™ and, to
ensure the conservation of energy and helicity in the unforced and inviscid
limit, we choose

An — kn; Bn — _kn—1/2; Cn — _kn—2/2;
Dn — kn/67 En — kn—l/g; Fn — _an—2/3;
fn=1(141)x5x107° x On.1- (7)

v and 7 are the kinematic viscosity and the magnetic diffusivity, respectively.
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Numerical Scheme

For an equation of the form

dq

o = gt f() (8)

we use the following fifth-order Adams-Bashforth scheme:

o 6—204515
gt +6t) = e 2%g(t — §t) + Y
x [B5f(t) — B9 f(t — dt)
+  37f(t —2dt) — 9f(t — 3dt)]. (9)

This scheme works well if the total number of shells N < 35 and Re < 10°.
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Numerical Scheme

e In all our calculations 6t = 10~%, N = 30.

« Characteristic time scales:

O Diffusion time: 7, = L

L

ms

O Large-eddy-turnover time: 7, =
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Goals

« How does the magnetic energy grow at different scales for low values of
Pr,,?

« |Is there an absolute dynamo boundary in the R,,, and Pr,, plane?
« Does the time required for dynamo action depend on R,,, and Pr,,?

« Direct Numerical Simulations (DNS) have been carried out typically in the
range Pr,, ~ 1;itis important to extend such studies to values of Pr,, that lie
In the experimental ranges mentioned above.

We have carried out an extensive numerical study, with our high-order
numerical scheme, to determine the dynamo boundary in our shell model over
a wide range of R,,, and Pr,, (many orders of magnitude greater than the
range possible in a DNS of the MHD equations[7]).
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Figure 3: Evolution of energy spectra in the kinematic regime and at high Prandtl numbers, e.g.,

Pr, = 10?%, the magnetic energy grows predominantly in the dissipation range; after the saturation

of the dynamo, Kolmogorov-type —5/3 spectra are obtained.
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Energy Spectra

Energy Spectrum for Prandtl number = 1
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Figure 4: Evolution of energy spectra in the kinematic regime for Pr,, =1
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Energy Spectra
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Figure 5: Evolution of energy spectra in the kinematic regime for low Prandtl numbers like Pr,

10~2; the magnetic energy grows in the inertial range as well as in the dissipation range.
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Temporal Evolution
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Figure 6. Growth of the magnetic energy for high Prandtl numbers: (a) Pr,,
10%; (b) Pr,, = 1.
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Temporal Evolution
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Figure 7. Growth of the magnetic energy for low Prandtl numbers: (c) Pr,, =
10~%; (d) Pr,, = 102,
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Temporal Evolution
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Figure 8: Decay of the magnetic energy for low Prandtl numbers; (e) Pr,, =
10~3; (f) Pry, ~ 107°.
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Ponty et al
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Figure 9: Evolution of kinetic (upper curve) and magnetic energy (lower curve) for R, = 40.5,

R,, = 37.8 (solid lines) and R, = 675, R,, = 270 (dotted lines), both 20% above threshold.
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Stability Boundary

« Initial velocity: Statistically stabilised velocities from the GOY shell model.

« Initial seed magnetic field: b(k) = 107° x /E, (k) exp(i6), where 0 is a
random phase.

« If we use a fixed dynamo threshold, say E, = 10—, we find that the dynamo
boundary depends on the simulation time.

« Some authors suggest[7] that the simulation should be run for a time ~ 7,,.

« We find that far shorter runs suffice to obtain the asymptotic dynamo
boundary.
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Stability Boundary
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Figure 10: Stability diagram in the R,, — Pr_.! plane showing the temporal evo-
lution of the dynamo boundary: (a) 5.0 x 107 time steps; (b) 2.0 x 108 time steps.
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after 5.0 x 10® time steps.
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Stability Boundary

Ponty et al

1 10 100

Figure 12: RS, for dynamo action versus inverse P,,;. Symbols are: x (DNS), +
(LAMHD), and ¢ (LES). Transverse lines indicate error bars in the determination
of RS ,, as the distance between growing and decaying runs at a constant Ry, .
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Criterion for Dynamo Action

« Once the magnetic field saturates it never decays (barring very small
fluctuations); we have checked this for representative points in the stability
diagram.

- Initial seed magnetic field (random phases): E} ~ 10~2® [the same for all the
parameters (like v, n, etc.)].

« We say that dynamo action has occurred if E,/E,, 2 0.9 (initial kinetic energy
E) ~ 107°); the time required for this is 7 and it is typically < 7,,.

« We say that no dynamo action occurs if E; falls below 1073°.

« The boundary obtained in this way does not change with time.
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Results[8]

Order parameter: £t in the long-time
limit; it jJumps at the dynamo boundary. | et

The time

required for dynamo action 7o seems
to diverge as 7¢ ~ (Rp — Rmp) %,
where R,,; IS the value of R,,, at

the dynamo boundary (for fixed Pr,,).

The exponent o depends on Pr,.

Tc = oo in the region in o
which dynamo action does not occur.
Figure 14: Divergence of 7¢ at Pr,, = 5.0 x

104
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Results[8]
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Results[8]

« Our high-precision study of dynamo action in a shell model for MHD
turbulence shows that the dynamo boundary in the (R,,, Pr_!) plane
saturates at large values of Pr 1.

« The region of the (R,,, Pr') that we explore is many orders of magnitude
larger than in any earlier study.

« Energy equipartition, i.e., £}, ~ E,, IS obtained after the dynamo action has
saturated.

« The dynamo boundary appears to be a fractal.
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