


· · ·

X =
n =

P (X = k|θ) =

(

n

k

)

θk(1 − θ)(n−k), k = 0, 1, . . . n

θ

θ = 20
100 = 0.2 n = 10

P (X = 0|θ = 0.2) = 0.810 P (X = 1|θ = 0.2) = 10 × 0.2 × 0.89

θ

θ

θ = 0.1 . . .



θ

←−

P (X = k|θ)
θ X = x

l(θ|x) = f(x|θ) (= P (X = x|θ) X
θ x

f(x|θ) x θ
P (.|θ) x P (X = x|θ) = f(x|θ) = l(θ|x)

θ P (.|θ) x

x θ P (X = x|θ)
θ x

x
θ l(θ|x)

l(θ|X = 3) ∝ θ3(1 − θ)7
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θ̂ = θ̂(x) = x/n = .

l(θ|x)

x
θ̂ x

X θ̂(x) X/n X . . . n

X ∼ (n, θ)
X nθ(1 − θ) X/n

θ(1− θ)/n θ̂(1− θ̂)/n

θ̂ X/n
√

θ̂(1 − θ̂)/n
n

X/n
θ

θ
θ(1 − θ)/n

n

θ̂ − θ
√

θ(1 − θ)/n
∼ N(0, 1),

θ̂ − θ
√

θ̂(1 − θ̂)/n
∼ N(0, 1).

θ n

θ̂ ± 2
√

θ̂(1 − θ̂)/n.



(

θ̂(X) − 2
√

θ̂(X)(1 − θ̂(X))/n, θ̂(X) + 2
√

θ̂(X)(1 − θ̂(X))/n

)

θ

x

θ (0.3 − 2
√

0.3 × 0.7/10, 0.3 + 2
√

0.3 × 0.7/10)

0.3 − 2
√

0.3 × 0.7/10 ≤ θ ≤ 0.3 + 2
√

0.3 × 0.7/10

θ
X = x

•

•

•

(x = 1) (x = 0) θ1

θ2

X
θ

x = 0 x = 1
θ1 +
θ2 −



P (θ = θ1|X = 1)

P (X = 1|θ = θ1) P (X = 1|θ = θ2)

A B

P (A|B) =
P (A B)

P (B)

P (B) > 0 P (A B) = P (A|B)P (B)
P (A B) = P (B|A)P (A) P (B|A)

P (A|B)

P (A|B) =
P (A B)

P (B)
=

P (B|A)P (A)

P (B)
.

P (B) = P (B Ω) = P (B A) + P (B Ac)

= P (B|A)P (A) + P (B|Ac)(1 − P (A)),

P (A|B) =
P (B|A)P (A)

P (B|A)P (A) + P (B|Ac)(1 − P (A))

P (θ = θ1|X = 1)

P (θ = θ1 | X = 1)

=
P (X = 1 | θ = θ1)P (θ = θ1)

P (X = 1 | θ1)P (θ = θ1) + P (X = 1 | θ2)P (θ = θ2)
.



P (θ = θ1)

P (θ|X = x)

P (θ = θ1) = 0.05

P (θ = θ1 | X = 1) =
0.8 × 0.05

0.8 × 0.05 + 0.3 × 0.95
=

0.04

0.325
= 0.123

P (θ = θ2 | X = 1) = 0.877

P (X = x | θ) P (θ | X = x)

l(θ|x) θ

π(θ)

π(θ | x) =







π(θ)l(θ|x)
P

j π(θj)l(θj |x) θ
π(θ)l(θ|x)

R

π(u)l(u|x) du
θ

θ
θ (0, 1)

π(θ) = 1, 0 < θ < 1



θ x

π(θ|x) =
π(θ)l(θ|x)

∫

π(u)l(u|x) du

=
(n + 1)!

x!(n − x)!
θx(1 − θ)n−x, 0 < θ < 1.

θ l(θ|x) ∝
θx(1 − θ)n−x

θ
α γ

x + α n − x + γ
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π(θ|x) θ

θ̂ = x/n
θ̂ θ

θ x

θ

E[(θ − θ̂B)2|x] = min
a

E[(θ − a)2|x],

θ̂B = E(θ|x)

θ̂B θ
E[(θ − E(θ|x))2|x]

θ̂B ±
√

E[(θ − E(θ|x))2|x]

θ̂
θ

P (θ̂B − k1 ≤ θ ≤ θ̂B + k2|x) = 0.95

α γ
θ|x x+α, n−x+γ

θ

θ̂B =
(x + α)

(n + α + γ)
=

n

n + α + γ

x

n
+

α + γ

n + α + γ

α

α + γ
.

α γ



θ

θ
θ

θ

f(x|µ, σ2) =
1√

2πσ2
e−

(x−µ)2

2σ2 [−∞,∞]

X ∼ N(µ, σ2)

µ = E(X) ≡ 〈X〉 ≡
∫

x f(x|µ, σ2) dx

σ2 = E(X − µ)2 ≡ 〈(X − µ)2〉 ≡
∫

(x − µ)2 f(x|µ, σ2) dx

n Xi = µ + εi
εi ∼ N(0, σ2)

x (x1, . . . xn)

f(x|µ, σ2) =
∏

i

f(xi|µ, σ2)

=
∏

i

1√
2πσ2

e−
1

2σ2 (xi−µ)2

= (2πσ2)−n/2e−
1

2σ2

Pn
i=1(xi−µ)2

= (2πσ2)−n/2e−
1

2σ2 [
Pn

i=1(xi−x̄)2+n(x̄−µ)2].



(X̄, s2 =
∑n

i=1(Xi−X̄)2/(n−1)) (µ, σ2)

σ2

l(µ|x) ∝ f(x|µ, σ2) ∝ e−
n

2σ2 (µ−x̄)2 ,

X̄ X̄|µ ∼ N(µ, σ2/n)
µ ∼ N(µ0, τ2) µ

π(µ|x) ∝ l(µ|x)π(µ)

∝ e
− 1

2

»

n(µ−x̄)2

σ2 +
(µ−µ0)2

τ2

–

∝ e
− τ2+σ2/n

2τ2σ2/n

„

µ− τ2σ2/n

τ2+σ2/n
(

µ0
τ2 + nx̄

σ2 )

«2

.

µ|x ∼ N(µ̂, δ2)

µ̂ =
τ2σ2/n

τ2 + σ2/n
(
µ0

τ2
+

nx̄

σ2
)

=
τ2

τ2 + σ2/n
x̄ +

σ2/n

τ2 + σ2/n
µ0.

µ̂ µ
x̄ µ0

δ2 µ

δ2 =
τ2σ2/n

τ2 + σ2/n
=

σ2

n

τ2

τ2 + σ2/n
.

µ̂ ± δ µ µ̂ ± 2δ
µ

τ2 → ∞

µ̂ → x̄, δ →
σ√
n

π(µ) = C



σ2

X1, . . . Xn

µ σ2

µ
σ2

σ2

µ σ2

l(µ, σ2|x) = (2πσ2)−n/2e−
1

2σ2 [
Pn

i=1(xi−x̄)2+n(µ−x̄)2].

π(µ, σ2)

π(µ, σ2|x) ∝ π(µ, σ2)l(µ, σ2|x)

π(µ|x) =

∫ ∞

0
π(µ, σ2|x) dσ2.

π(µ, σ2) ∝ 1/σ2 µ
log(σ)

log

π(µ, σ2|x) ∝
1

σ2
l(µ, σ2|x)

π(µ|x) ∝
∫ ∞

0
(σ2)−(n+1)/2e−

1
2σ2 [

Pn
i=1(xi−x̄)2+n(µ−x̄)2] dσ2

∝
[

(n − 1)s2 + n(µ − x̄)2
]−n/2

∝
[

1 +
1

n − 1

n(µ − x̄)2

s2

]−n/2

∝ tn−1.

√
n(µ − x̄)

s
| ∼ tn−1

P (x̄ − tn−1(0.975)
s√
n
≤ µ ≤ x̄ + tn−1(0.975)

s√
n
| ) = 95%



µ −A ≤ µ ≤ B
µ > 0 tn−1

n = 360 x̄ = 14.46 s = 1.19

√
360(µ − 14.46)

1.19
| ∼ t359

µ| ∼ N(14.46, 0.0632) .
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(14.33, 14.59)
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η = µ1 − µ2

σ2
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2



σ2
1 = σ2

2 (µ1, µ2, σ2)
(

X̄, Ȳ , s2 = 1
n1+n2−2

(

∑n1
i=1(Xi − X̄)2 +

∑n2
j=1(Yj − Ȳ )2

))

X̄ |µ1, µ2, σ2 ∼ N(µ1, σ2/n1) Ȳ |µ1, µ2, σ2 ∼ N(µ2, σ2/n2) (n1+n2−2)s2|µ1, µ2, σ2 ∼
σ2χ2

n1+n2−2

X̄ − Ȳ |µ1, µ2, σ2 ∼ N(η, σ2( 1
n1

+ 1
n2

)) η = µ1 − µ2

π(µ1, µ2, σ2) ∝ 1/σ2

η|σ2,x,y ∼ N(x̄ − ȳ, σ2(
1

n1
+

1

n2
)),

π(η, σ2|x,y) ∝ π(η|σ2,x,y)π(σ2|s2),

σ2

η − (x̄ − ȳ)

s
√

1
n1

+ 1
n2

| x,y ∼ tn1+n2−2.

η = µ1 − µ2

x̄ − ȳ ± tn1+n2−2(0.975)s

√

1

n1
+

1

n2
,

t

x̄ = 18.539 ȳ = 18.473 n1 = 13 n2 = 12

s2 = 0.0085 η̂ = x̄ − ȳ = 0.066 s
√

1
n1

+ 1
n2

= 0.037 t23(0.975) = 2.069

η = µ1 − µ2 (0.066 − 2.069 × 0.037, 0.066 +
2.069 × 0.037) = (−0.011, 0.142)
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j=1(Yj − Ȳ )2) (µ2, σ2

2)

η = µ1 − µ2 σ2
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2

X̄ |µ1, σ2
1 ∼ N(µ1, σ2

1/n1) (n1 − 1)s2
X |µ1, σ2

1 ∼ σ2χ2
n1−1

Ȳ |µ2, σ2
2 ∼ N(µ2, σ2

2/n2) (n2 − 1)s2
Y |µ2, σ2

2 ∼ σ2χ2
n2−1

X Y

π(µ1, µ2, σ2
1 , σ

2
2) ∝ 1/σ2

1 × 1/σ2
2

√
n1(µ1 − x̄)

sX
| ∼ tn1−1,

√
n2(µ2 − ȳ)

sY
| ∼ tn2−1,
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Xi ∼ (θi) θi νi = log(θi) i
ν

ν ∼ Nk

(

µ1, τ2
{

(1 − ρ)Ik + ρ11′
})

,

1 k µ τ2 ρ

f(x|ν) = exp

(

−
k

∑

i=1

{eνi − νixi}

)

/
k
∏

i=1

xi!.

π(ν) ∝ exp

(

−
1

2τ2
(ν − µ1)′

(

(1 − ρ)Ik + ρ11′
)−1

(ν − µ1)

)

π(ν|x) ∝ exp
{

−
∑k

i=1{eνi − νixi} − (ν−µ1)′((1−ρ)Ik+ρ11′)−1(ν−µ1)
2τ2

}

θj

Eπ(θj|x) = Eπ(exp(νj)|x) =

∫

Rk exp(νj)g(ν|x) dν
∫

Rk g(ν|x) dν
,

g(ν|x) = exp
{

−
∑k

i=1{eνi − νixi} − (ν−µ1)′((1−ρ)Ik+ρ11′)−1(ν−µ1)
2τ2

}

k k

k



f

Efh(X) =

∫

X
h(x)f(x) dx

X1,X2, . . .
f

h̄m =
1

m

m
∑

i=1

h(Xi)

Efh(X) h̄m

Efh(X) m

fh(X) f (h̄m) =

fh(X)/m fh(X) = Efh2(X) − (Efh(X))2

s2
m =

1

m

m
∑

i=1

(h(Xi) − h̄m)2,

h̄m

1√
m

sm =
1

m
(

m
∑

i=1

(h(Xi) − h̄m)2)1/2.

Efh(X)

√
m

(

h̄m − Efh(X)
)

sm
−→

m→∞
N(0, 1),

(h̄m−zα/2sm/
√

m, h̄m+zα/2sm/
√

m) (1−
α) Efh(X) zα/2 (1 − α/2)



X N(θ, σ2) σ2 (µ, τ)
θ

π(θ|x) ∝ exp
(

−(θ − x)2/(2σ2)
) (

τ2 + (θ − µ)2
)−1

,

Eπ(θ|x) =

∫∞
−∞ θ exp

(

− (θ−x)2

2σ2

)

(

τ2 + (θ − µ)2
)−1

dθ
∫∞
−∞ exp

(

− (θ−x)2

2σ2

)

(τ2 + (θ − µ)2)−1 dθ

=

∫∞
−∞ θ

{

1
σφ

(

θ−x
σ

)} (

τ2 + (θ − µ)2
)−1

dθ
∫∞
−∞

{

1
σφ

(

θ−x
σ

)}

(τ2 + (θ − µ)2)−1 dθ
,

φ

Eπ(θ|x) h(θ) = θ/(τ2 + (θ − µ)2)
h(θ) = 1/(τ2+(θ−µ)2) N(x, σ2)

θ1, θ2, . . . N(x, σ2)

Êπ(θ|x) =

∑m
i=1 θi

(

τ2 + (θi − µ)2
)−1

∑m
i=1 (τ2 + (θi − µ)2)−1

Eπ(θ|x)

θ
θ N(x, σ2)

x
θ

Eπ(θ|x) =

∫∞
−∞ θ exp

(

− (θ−x)2

2σ2

)

π(θ) dθ
∫∞
−∞ exp

(

− (θ−x)2

2σ2

)

π(θ) dθ
,

θ (µ, τ)

Êπ(θ|x) =

∑m
i=1 θi exp

(

− (θi−x)2

2σ2

)

∑m
i=1 exp

(

− (θi−x)2

2σ2

) ?



m

f u
f

Efh(X) =

∫

X
h(x)f(x) dx =

∫

X
h(x)

f(x)

u(x)
u(x) dx

=

∫

X
{h(x)w(x)} u(x) dx = Eu {h(X)w(X)} ,

w(x) = f(x)/u(x) f u h
hw X1,X2, . . .

u

hwm =
1

m

m
∑

i=1

h(Xi)w(Xi).

u



{Xn}n≥0

n Xn {Xj , j ≤ n− 1}
{Xj : j ≥ n + 1}

P (A ∩ B|Xn) = P (A|Xn)P (B|Xn),

A B

Xn+1 Xn = x
Xj : j ≤ n− 1 x

Xj : j ≤ n − 1 n

S {Xn}
P ≡ ((pij))

i, j S pij Xn+1 = j Xn = i
i j

S
P (x, ·) P (x,A) x

A P (Xn+1 ∈ A|Xn = x)

X0 {Xj : 0 ≤
j ≤ n} n

P (X0 = i0,X1 = i1, . . . ,Xn−1 = in−1,Xn = in)

= P (Xn = in|X0 = i0, . . . ,Xn−1 = in−1)

×P (X0 = i0,X1 = i1, . . . Xn−1 = in−1)

= pin−1inP (X0 = i0, . . . ,Xn−1 = in−1)

= P (X0 = i0)pi0i1pi1i2 . . . pin−1in .

π
P {Xn}

X0 π Xn

n ≥ 1
π = {πi : i ∈ S} P



j S

P (X1 = j) =
∑

i

P (X1 = j|X0 = i)P (X0 = i)

=
∑

i

πipij = P (X0 = j) = πj.

π = (π1, π2, . . .)
P

π = πP.

S π p(x)
P (·, ·)

π(A) =

∫

A
p(x) dx =

∫

S
P (x,A)p(x) dx

A ⊂ S

{Xn} S
P ≡ ((pij)) i

j j i

n ≥ 1, p(n)
ij ≡ P (Xn = j|X0 = i) > 0

{Xn}n≥0

S
P
π ≡ (πi : i ∈ S)

h : S → R X0

1

n

n−1
∑

i=0

h(Xi) →
∑

j

h(j)πj

n → ∞

S
h

π



{Xn}
π

π S
h π

∑

j h(j)πj

{Xn} S
π X0,

{Xj} 0, 1, 2, . . . n − 1

µn =
1

n

n−1
∑

0

h(Xj).

µn
∑

j h(j)πj n

π(A) ≡
∑

j∈A πj A ⊂ S

πn(A) ≡
1

n

n−1
∑

0

IA(Xj) → π(A),

IA(Xj) = 1 Xj ∈ A

{Xn} S

i ∈ S {n : p(n)
ii >

0} = 1
P (Xn = j)

∑

j

|P (Xn = j) − πj| → 0

n → ∞ X0 n
Xn π

n N
m n = Nm ith



mth Xm,i

µ̃N,m ≡
1

N

N
∑

i=1

h(Xm,i).

π S
Q ≡ ((qij)) i

{qij : j ∈
S} {Xn} Xn = i

{qij : j ∈ S} Yn

Xn+1 Xn Yn

P (Xn+1 = Yn|Xn, Yn) = ρ(Xn, Yn) = 1 − P (Xn+1 = Xn|Xn, Yn),

ρ(·, ·)

ρ(i, j) = min

{

πj

πi

qji

qij
, 1

}

(i, j) πiqij > 0

{Xn} P = ((pij))

pij =

{

qijρij j 1= i,
1 −

∑

k '=i
pik, j = i.

Q ρ
P P

π

πipij = πjpji i, j.

j
∑

i

πipij = πj

∑

i

pji = πj,



π P

S Q πi > 0 i S
P

π
Q S

Q
P pii > 0 i

∑

j '=1

qijρij < 1.

(i, j)
πiqij > 0 πjqji < πiqij

P

S
π(·) p(·) Q

x Q(x, ·) q(x, y)
ρ(x, y)

ρ(x, y) = min

{

p(y)q(y, x)

p(x)q(x, y)
, 1

}

(x, y) p(x)q(x, y) > 0

p(·)
ρ(·, ·) p(y)/p(x) πi/πj

N × N
N = 256 k ≥ 2



(256)2 S k(256)2

S

π
(X,Y ) x P (x, ·)

Y X = x Q(y, ·)
X Y = y x

P (x, ·) y Q(y, ·)
Zn = (Xn, Yn)

X0 = x0 Y0

P (x0, ·) X1 Q(Y0, ·)
Y1 P (X1, ·) n Zn = (Xn, Yn)

Xn+1 Q(Yn, ·) Yn+1 P (Xn+1, ·)

π {(xi, yj) : 1 ≤ i ≤ K, 1 ≤ j ≤
L} πij = π(xi, yj) P (xi, yj) = πij/πi· Q(yj, xi) = πij/π·j ,

πi· =
∑

j πij, π·j =
∑

i πij

R = ((r(ij),(k())) {Zn}

r(ij),(k() = Q(yj, xk)P (xk, y()

=
πkj

π·j

πk(

πk·
.

π
n

Zn π
∑

i,j h(i, j)πij
∑n

1=1 h(Xi, Yi)/n

(

X
Y

)

∼ N2

(

(
0
0

), [
1 ρ
ρ 1

]

)



X Y = y Y X = x

X|Y = y ∼ N(ρy, 1 − ρ2) Y |X = x ∼ N(ρx, 1 − ρ2).

(Xn, Yn)
n = 0, 1, 2, . . . x0 X0

i = 0, 1, . . . , n

xi X N(ρxi, 1−ρ2)
Yi

yi Y N(ρyi, 1−ρ2)
Xi+1

n (xn, yn)

N2

((

0
0

)

,

[

1 ρ
ρ 1

])

π k
(X1,X2, . . . ,Xk) u = (u1, u2, . . . , uk) k

u−i = (u1, u2, . . . , ui−1, ui+1, . . . , uk) k − 1
i ui πi(·|x−i)

Xi X−i ≡ (X1,X2,Xi−1,Xi+1, . . . ,Xk) =
x−i X0 = (x01, x02, . . . , x0k)

X1 = (X11,X12, . . . ,X1k) X11

π1(·|x0−1) X12

π2(·|(X11, x03, x04, . . . , x0k)

Xi|X−i = x−i

δ(X1,X2, . . . ,Xn) θ
T θ δ∗(T )



δ∗(t) = E(δ(X1,X2, . . . ,Xn)|T = t)
δ(X1,X2, . . . ,Xn) T = t

E(δ∗(T ) − θ)2 ≤ E(δ(X1,X2, . . . ,Xn) − θ)2.

δ = δ∗ δ
T

E(δ∗(T )) = E [E(δ(X1,X2, . . . ,Xn)|T )] = E(δ(X1,X2, . . . ,Xn)).

(δ(X1,X2, . . . ,Xn)) = [E(δ|T )] + E [ (δ|T )]

= (δ∗) + E [ (δ|T )] > (δ∗),

(δ|T ) = 0 δ T

S T

(S) = (E(S|T )) + E( (S|T )),

S
T

(Xj , Yj), j = 1, 2, . . . , N
(X,Y ) h(X)

X (X,Y ) µ
µ h(Xj), j = 1, 2, . . . , N

N → ∞ µ

{Xj , j = 1, 2, . . . ,N}
n (Xij , Yij), j =

1, 2, . . . ,N ; i = 1, 2, . . . , n N
(XiN , YiN )

(XiN , YiN ), i = 1, 2, . . . , n

µ h(XiN ), i = 1, 2, . . . , n



h(XiN ) i = 1, 2, . . . , n
n−1

YiN i =
1, 2, . . . , n

k(y) = E(h(X)|Y = y) i k(YiN )
h(XiN )

1

n

n
∑

i=1

k(YiN ),

k(y)

X|θ ∼ N(θ, σ2) σ2 θ ∼
(µ, τ) θ

π(θ) ∝
(

τ2 + (θ − µ)2
)−1

∝
∫ ∞

0
(

λ

2πτ2
)1/2 exp

(

−
λ

2τ2
(θ − µ)2

)

λ1/2−1 exp(−
λ

2
) dλ,

π(θ)
(θ, λ)

θ|λ ∼ N(µ, τ2/λ) λ ∼ (1/2, 1/2).

π(θ|x)
π(θ, λ|x)

π(θ, λ|x)

θ|λ, x ∼ N

(

τ2

τ2 + λσ2
x +

λσ2

τ2 + λσ2
µ,

τ2σ2

τ2 + λσ2

)

,

λ|θ, x ∼ λ|θ ∼
(

τ2 + (θ − µ)2

2τ2

)

.

(θ, λ)
π(θ, λ|x)



X =
(X | Y, θ) ∼ (Y, θ) Y

λ θ
Y

X (θ | Y = y) ∼ (α, γ)
α γ Y

θ|X = x
X|θ ∼ Poisson(λθ) θ ∼ Beta(α, γ)

π(θ|X = x) ∝ exp(−λθ)θx+α−1(1 − θ)γ−1, 0 < θ < 1.

θ|X
(Y, θ | X)

Y |X = x, θ ∼ x + Poisson(λ(1 − θ))
θ|X = x, Y = y ∼ Beta(α + x, γ + y − x)

g(x)/K K
g h(x)

g
c > 0 g(x) < ch(x) x

Y ∼ h U ∼ U(0, 1)
X = Y U ≤ g(Y )/{ch(Y )}

c sup{g(x)/h(x)

g(θ) = exp(−λθ)θx+α−1(1 − θ)γ−1I{0 ≤ θ ≤ 1},

h(θ) (x + α, γ)
c θ ∼ (x+α, γ)

exp(−λθ)

q(z, y) = q(y|z) = h(y) z



ρ(z, y) = min

{

g(y)h(z)

g(z)h(y)
, 1

}

= min {exp (−λ(y − z)) , 1} .

t = 0 x0

0 < x0 < 1 xt

Yt (x + α, γ)

x(t+1) =

{

Yt ρt

xt

ρt = min{exp (−λ(Yt − xt)) , 1}

t = t + 1

t = n
x = 1 α = 1 γ = 49 λ = 100



(X1 =











X11

X12

X1n











,X2 =











X21

X22

X2n











, · · ·Xp =











Xp1

Xp2

Xpn











).

Xj n j j =
1, 2, . . . p n p

Xj1, . . . Xjn µj σ2

n = 2

(

Xj1

Xj2

)

∼ N

((

µj

µj

)

,

(

σ2 0
0 σ2

))

, j = 1, 2, . . . p.

µj

N(0, σ2) p
σ2

l(µ1, . . . µp;σ
2|x1, . . .xp) = f(x1, . . . xp|µ1, . . . µp;σ

2)

=
p
∏

j=1

2
∏

i=1

f(xji|µj , σ
2)

= (2πσ2)−p exp(−
1

2σ2

p
∑

j=1

2
∑

i=1

(xji − µj)
2)

= (2πσ2)−p exp(−
1

2σ2

p
∑

j=1

[

2
∑

i=1

(xji − x̄j)
2 + 2(x̄j − µj)

2

]

).



µ̂j = x̄j = (xj1 + xj2)/2

σ̂2 =
1

2p

p
∑

j=1

2
∑

i=1

(xji − x̄j)
2

=
1

2p

p
∑

j=1

[

(

xj1 −
xj1 + xj2

2

)2

+

(

xj2 −
xj1 + xj2

2

)2
]

=
1

2p

p
∑

j=1

2
(xj1 − xj2)2

4
=

1

4p

p
∑

j=1

(xj1 − xj2)
2.

Xj1 − Xj2 ∼ N(0, 2σ2) j = 1, 2 . . .

1

p

p
∑

j=1

(Xj1 − Xj2)
2 P−→

p→∞
2σ2,

σ̂2 =
1

4p

p
∑

j=1

(Xj1 − Xj2)
2 P−→

p→∞

σ2

2
, σ2.

σ2

1

2p

p
∑

j=1

(Xj1 − Xj2)
2 P−→

p→∞
2σ2.

p n n p

p → ∞

σ2 ∑p
j=1(Xj1 − Xj2)2 ∼

2σ2χ2
p µj µj

p
p



µj

X̄j |µj , σ2 ∼ N(µj , σ2/2) j = 1, . . . p

σ2 σ̂2 = 1
2p

∑p
j=1(Xj1 −

Xj2)2 µj

µj , j = 1, . . . p N(η, τ2)
η τ2

X̄j , j = 1, . . . p
N(µ0, τ2 + σ2/2)

η η̂ = ¯̄X = 1
p

∑

X̄j τ2 τ̂2 =
(

1
p−1

∑p
j=1(X̄j − ¯̄X)2 − σ2/2

)+

(µ1, . . . µp) N(η̂, τ̂2)
µj

E(µj |X1, . . . Xp) = (1 − B̂)X̄j + B̂ ¯̄X,

B̂ = σ2/2

σ2/2+τ̂2
n

n


